We solve a variational problem that arises in consideration of the large deviation properties of queue lengths at a multi-bu ered resource.
Introduction and summary
In this paper we solve a variational problem that arises in consideration of the large deviation properties of queue-lengths at a multi-bu ered resource. To motivate our result, we will describe the context in which the problem arises.
Consider a single-server queue with two inputs (X 1 n ) and (X 2 n ) and constant service capacity c shared between the inputs according to a weighted priority scheme with weights p 1 + p 2 = 1. To be more precise, X 1 n and X 2 n are sequences of non-negative random variables and, starting with an empty system, Part of this work was carried out while the author was at the Dublin Institute for Advanced Studies, supported by grants from EOLAS and Mentec Computer Systems Limited, under the Higher Education-Industry Cooperation Scheme. DIAS Technical Report DIAS-APG-9434. the respective queue lengths at time n are de ned recursively by the equations The idea is consider the queue lengths to be a function of the inputs and deduce the large deviation properties of the latter from those of the former. To do this, it is convenient to introduce some notation. 
The mapping is formally de ned as follows. For each t, de ne a mapping
+ by letting q be the solution to the pair of integral equations
and setting t ( ) = q(t). Existence and uniqueness of a solution can be veri ed by rst considering piecewise linear arguments where solutions can be constructed recursively on intervals, then checking that t is continuous on the space of piecewise linear functions with respect to the total variation norm topology and using the fact that piecewise linear functions are dense in A   2 with respect to that topology. Now set = 1 and note that (S n ) = Q n =n, as required.
Our main result provides simple expressions for the rate functions J and L in the case where the inputs are assumed to be independent: Then ( (1) ) = ( ) = a and I a ( (1) ) I a ( ). To see the latter, note that since q 2 is non-negative on 1 The next step is to de ne (2) by linearly interpolating (1) 
) I a (
), again by (9) , and (
) = a. The case 1 > 2 is treated similarly, and the statement follows.
(b) We simplify L this in exactly the same manner. Consider a particular 2 A 2 with ( ) 1 = a and denote by q the corresponding solution to the integral equations (7); note that q 1 (1) = a. Set 1 = supft 0 : q 1 (t) = 0g; 1 = supft 1 : q 2 (t) = 0g; 2 = infft 1 : q 2 (t) = 0g: Then the path (2) , de ned as in part (a), has I a ( (2) ) I a ( (1) ) and ( (2) ) 1 = a.
(c) As before, consider a particular 2 A 2 with ( ) 1 = a and denote by q the corresponding solution to the integral equations (7); set 1 = supft 0 : q 1 (t) = 0g: In this case we de ne a new path (1) by _ (1) 1 (s) = 
) I a ( ). Now de ne (2) by _ (2) 1 (s) = from which it follows that I a (
) I a ( (1) ), and the proof is complete. 2
